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Analogues and extensions of the classical result on monotonicity of Lp norms and log convexity 
of plh power of Lp norms are established. 

In the discussion of criteria for magne tohydrody-
namic stability one encounters inequalities of the type 

*(!/}$ B~3dl> B~2dl}2, ( l a ) 

{$ B1 d / } j B~4 dl > { j B~2 d / } | B~3 dl, (1 b) 

where / is the arc length, B(l) the (non-vanishing) mag-
netic field, and | ... dl the integral over a closed line 
of force. While (1 a) is of the Schwarz type, (1 b) is not . 
Inequalities (1) can be reduced to monotonic i ty of the 
functional 

] f'(x)dp\ ] f~*(x)dp, 0 < / < oo 

in the real parameter a with a positive weight funct ion 
p{x). 

The aim here is to establish certain integral inequal-
ities which are in the spirit of the following classical 
result on Lp norms (see, for instance, [1]): 

Given a measure space (Q, srf, p), where p. is a p rob-
ability measure, and given / a non-negat ive real-
valued funct ion on Q, the funct ional I(p) = j f p dp, 
defined for p e R, is log convex in p. Q 

The log convexity result in Theorem 4 (see below) is 
a direct extension of [1] to the case where, instead of 
one, several independent funct ions are considered. 

Here is a brief descript ion of the o ther results of the 
present paper : Fo r oc = (<x1,..., am) a multi- index, let 
IA(cc) be defined by 

/ > l f . . . , a j = | j n f r d p n f r « d p } . & 
A '=1 

Reprint requests to Dr. D. Lortz, Max-Planck-Institut für 
Plasmaphysik, 85748 Garching, Germany. 

Theorems 1 and 2 show tha t if p is a positive mea-
sure (not necessarily of total mass one), then IA{a) is a 
monoton ic function of | a f | for each i = l , . . . , m pro-
vided that / satisfies Condi t ion (<5) below, which also 
turns out (see Theorem 2) to be necessary in order for 
the monotonici ty to hold for all A. In Theorem 3 we 
show that I A is convex and that , if a slightly more 
restrictive ( though simpler) condi t ion than (5) is im-
posed, i.e. 

h v / * J & M f M ) J * Condi t ion (y): < . . . j , 1 . 
[ i,j = l,...,m, V ( x , y ) e A x A 

then all m2 second partial derivatives of I A are non-
negative. 

Theorem 1. Let (Q, , p) be a positive measure space 
and let f . Q -* R+ be a measurable function. Then the 
functional IA (a) for a e R and A <= ß (see (2)) is 
monotonically increasing in |a| unless f is constant. 

First Proof: It suffices to consider the case a > 0 since 
IA( — A) = Ia(OL). Let us begin by observing tha t in 
order for J / a dp and j f~a dp bo th to be finite, we 

A A 

must have p(A) < oo. To see this, note that 

p(A) = p{x: f(x) > 1} + n | x : y ^ y > 1 

< | f*dp + \ f - ° d p . 
A A 

By rescaling we may assume, wi thout loss of gener-
ality, that p(A)= 1. If a < ß, we have, by applying 
Jensen's inequality £/(J h dp) < j" g{h) dp with the con-
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vex funct ion g(u) = upla, 

(IA(«)fa < (f / ' d/i) (J f~ß d/i) = I A(ß) 

It thus follows that 

IA(OL)<IA(ßT'ß-
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{a d ^ ^ q for each variable a,-
ea. separately, 

V (x, y) e Q x. Q a.e. dp(x) <g> dp(p). 

where 

It suffices to prove / , ( /?) > 1 for every ß (unless „ ^ _ . , . . ,. ^ 
r . n . . r , , Remark. No t e tha t Condi t ion (y) implies Condi t ion 

J = constant). But this is easy for we have, by the T J 

Cauchy-Schwarz inequality, 

with equality only if is a multiple of f ~ ß l 2 , i.e. 
only i f / = c. 

1/2 

((5). Indeed, setting 

, " / 7 . M Y ' 

and a, = f ( x ) / f i ( y ) , we have 

dF 

8a,. 
= (aa — a - a ) log a,-

Example: Taking p as count ing measure, we have for for / = 1, . . . , m. But using the def ini t ion of at and 
a ( > 0, /'= 1 , . . . , TV as an application of Theorem 1 the Condi t ion (y) we see tha t 
following result for sums: 

Z flf Z a i 

is a monotonical ly increasing function of | a | . 

Second proof: Let us write IA (a) as 

log a, > 0 

and similarly 

log ai < 0 

^ AW 

~ fi(y) 

V / * w = 1, 

> 1 
f j ( x ) > 1 , , m 

f j i y ) 

aa-a~*> 0, 

ax-a~'<0 

f / • ( * ) dp (x)^\j-*(y)dp(y)^ 

dp(x) dp(y) 

A A 

and use the fact that 

1 
a -> a a H , for a > 0 , 

ax 

is a monotonical ly increasing function of | a | (unless 
obviously a = 1). 

If Condi t ion (y) holds, we can in fact say more, i.e. we 
have 

Theorem 3. Let ( ß , sä, p) be a positive measure space 
and fl,...,fm.Q-*R+ be measurable functions, then 
IA(ocu ..., am) is a convex function of ( a l 5 . . . , am). I f , 
in addition, Condition (y) is satisfied, then all m2 second 
partial derivatives of IA with respect to a,- are non-
negative. 

Proof: We begin by calculating the second-order par-
tials 

0 2 / 

8a,. 8a,- J
a 

= | (aa+ a a) log at log dp . 

This second proof has the advantage of providing g u t 

the following m-variable extension. Condi t ion y => (log a,) (log a}) > 0 

We next establish the convexity. If we let 

c t = log at, i = 1,..., m , 
Theorem 2. The (Q, sä, p) be a positive measure space 
and /1?..., fm: Q -*• R+ be measurable functions, then 
IA ( a 1 ? . . . , am) increases on each variable separately for the positive semidefiniteness of the matr ix 6 2 / /8a i dtXj 
every A in sä i f , and only i f , Condition (5) holds, i.e. is an immediate consequence of the positive semi-
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definiteness of the matr ix D = di}, where di} = c{ Cj, and 
of the positivity of the fac tor a a + a _ o t . 

Tha t D is positive definite is, in turn , e lementary: 

dijZiZj = ciZicjZj> 0. 

Proof of Theorem 2: The sufficiency is immedia te for 
we can write 

IA( oc1,...,ccm) = j j Fxy(ccl,..., am) dp(x)dp(y). 
si * si 

To see the necessity, let us assume tha t 3 a ! < 
ä 1 ? . . . , am < ä m so tha t 

F
X
,y(*l, • • • , a J > • • • . ä j 

for (x, y) in a set B e Q x Q of positive dp(x) x d^(y) 
measure. Since Fx y — Fy x we see tha t 

(x, y) e B o (y, x) e B , 

so that B must be of the form Ax A for AG S/ with 
p(A) > 0. In part icular, 

IA{a1,...,<xJ>IA(ä1,...,äJ. 

Another generalization of Hardy , Lit t lewood, and 
Polya's result is given by the following theorem. 

Theorem 4. Let (Q, s>4, p) be a positive measure space 
with p a probability measure. Let f : be mea-
surable functions. Let 
0*i> • • •, O e {(-oo, 0)m} u {(0, oo)m}, then 

/(«i O s l f r (*)••• /mm w dfi(x) 
n 

is log convex as a function o / a = ( a 1 , . . . , am). Moreover, 
if, in addition, we assume that Condition (y) holds, then 
all m2 second partials of log J are nonnegative. 
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Proof. Let 
m 

b ( a l t . . . , a m ) = n ft«(x). 
i= 1 

Consider K ( a x , . . . , am) = log J {a ..., am). We have 

^ = j M o g / , d „ { J „ d „ p 

and 

d2K 
= ^b(x) l og / i (x) log f i x ) d/t(x)J [If b(y) d/t(y)j 

- | p ( x ) i o g y ; ( x ) d / z ( x ) ] 

• [ f ö (y) log f j (y) dp (y) J J j If fc d ^ J ~ 2 • 

In terchanging the role of x and y and adding, we find 
tha t the numera to r on the right-hand side may be 
expressed as 

\ J j flog/,(x)-log/,(y)] 

• [log fj(x) - log fj(y)] dv(x) dv(y) , 

where we have set 

dv = b dp (recall b > 0 ) . 

Condi t ion (y) makes the integrand clearly nonnega-
tive, thus d2K/da.i 0a,- > 0. Setting 

l o g / i ( x ) - log f ( y ) = ci , 

we see, as in the proof of Theorem 3, tha t the positive 
semidefiniteness of the matr ix d2K/doti dotj follows im-
mediately f rom tha t of the matr ix D = {d0-} = {c, Cj}. 

[1] G. H. Hardy, J. E. Littlewood, and G. Polya, Inequalities. 
Cambridge University Press, Cambridge 1967, p. 145. 


